Recent work has shown that two-dimensional non-linear σ-models on group mani folds with Poisson-Lie symmetry can be understood within generalised geometry as exemplars of generalised parallelisable spaces. Here we extend this idea to target spaces constructed as double cosets M = G\D/H. Mirroring conventional coset geometries, we show that on M one can construct a generalised frame field and a H-valued generalised spin connection that together furnish an algebra under the generalised Lie derivative. This results naturally in a generalised covariant derivative with a (covariantly) constant generalised intrinsic torsion, lending itself to the construction of consistent truncations of 10-dimensional supergravity compactified on M . An important feature is that M can admit distinguished points, around which the generalised tangent bundle should be augmented by localised vector multiplets. We illustrate these ideas with explicit examples of two-dimensional parafermionic theories and NS5-branes on a circle.
Introduction
Lower dimensional gauged supergravities (SUGRAs) are powerful tools to address properties of holographic quantum field theories; however, their usage requires some care. In a typical Kaluza -Klein scenario one justifies a lower dimensional theory by dispensing modes suppressed by the scale of the internal manifold. In the context of holography, the scale of the d-dimensional inter nal manifold M and of the anti-de Sitter external space are comparable and such an argument cannot be readily made. What is then required is that the lower dimensional theory retains a "consistent truncation" of modes from the 10-or 11-dimensional maximal SUGRA. Finding such truncation and the corresponding, in general highly, non-linear Ansätze for the bosonic fields is involved. Recently, generalised/exceptional geometry [1, 2] / [3] [4] [5] and the closely related dou ble/exceptional [3, 6] / [7, 8] field theories were employed to make the process more methodical starting with [9, 10] . A systematic treatment of such constructions was given in [11] exploiting idea that when M is equipped with a generalised G-structure, defined by a set of invariant ten sors and a covariantly constant singlet intrinsic torsion, a consistent truncation is obtained by expanding bosonic fields in terms of the invariant tensors.
Important examples within the context of the 10-dimensional type II supergravities are manifolds with trivial generalised structure group. These admit a globally defined frame E A on the generalised tangent bundle, locally given by 1 T M ⊕T M , and are therefore called generalised (Leibnitz) parallelisable. The action of the T M part of E A on functions gives rise to a flat covariant derivative 2 , D A , with (covariantly) constant generalised torsion F AB C governed by the 1 In the cases of exceptional generalised geometry the generalised tangent bundle is further augmented with higher rank differential forms. 2 DA does not have a spin connection, but it has an affine connection which is fixed by imposing DAEB = 0.
relation
Here L denotes the generalised Lie derivative and because the frame fields E A are invariant, all bosonic fields expanded in terms of them form a consistent truncation. The resulting lower dimensional SUGRA is maximally supersymmetric due to the trivial generalised structure group of M . As such truncations are conceptually closely related to Scherk-Schwarz reductions on group manifolds [12, 13] , they are called generalised Scherk-Schwarz reductions [14] [15] [16] . Most notably, the torsion F AB C is in one-to-one correspondence with the embedding tensor which fixes the gauge group of the lower dimensional maximal SUGRA. The remaining challenge is to find at least one tuple (M , E A ) such that (1.1) holds for a given constant generalised torsion F AB C . The manifold M is necessarily a coset [9, 17] but still constructing generalised parallelisable spaces is challenging. There are few examples known [9, 10, 18 ] but a systematic construction was missing until recently and instead considered on a case by case basis. In generalised geometry a complete construction of generalised parallelisable spaces was worked out in a series of papers [19, 20] in which the right coset 3 G\D is identified with the internal manifold M , where D is a Lie group which admits a non-degenerate, invariant pairing of split signature for which the subgroup G ⊂ D is maximally isotropic. The constant generalised torsion is given by the structure coefficients of d, the Lie algebra of D. In this case, which we review in Section 2, E A can be constructed from a coset representative m ∈ M . Intriguingly, its construction shares many features with Poisson-Lie T-duality [21, 22] where the two groups D and G appear naturally. In general there are multiple tuples (M , E A ), (M , E A ), . . . , which solve (1.1) and originate from different maximally isotropic subgroups G, G , . . . . The different sets of bosonic fields one constructs out of them are related by Poisson-Lie T-duality and give rise to the same lower dimensional SUGRA [23] . However, the kind of Poisson-Lie T-duality which appears in this context is not the most general one. It is rather a special case of the dressing coset construction [24] with M = G\D/H for a trivial H. Hence, motivated by the interplay between generalised geometry and Poisson-Lie T-duality in the example above, this paper shows that dressing cosets give rise to a class of new generalised geometries which are relevant for the construction of consistent truncations. They are named generalised cosets because of the analogy with conventional coset spaces. More explicitly, they admit a generalised connection ∇ A whose torsion and curvature are both parallel (covariantly constant). Along the line of discussion for generalised parallelisable spaces above, ∇ A is expressed in terms of a generalised frame E A but now also a non-vanishing spin connection Ω = Ω α t α valued in the Lie algebra of H (generated by t α ) is required. The requirement that ∇ A has parallel torsion and curvature result in the modified frame algebra
where Ω α = Ω α A E A . We discuss this algebra in Section 3. Here we just emphasise that all F 's are constant and that the generalised structure group of a generalised coset is H. In addition to deriving all properties relevant for consistent truncations based on this new class of generalised geometries, we also present an explicit construction of the frame E A , the connection Ω α and Ω αβ starting from the generalised frame field on the coset G\D. A remarkable feature of this class is that it also includes examples of singular geometries. This feature happens when the action of H on G\D has fixed points, and in this scenario one can think of the construction as defining a generalised orbifold. There can also be further distinguished points, which do not have to coincide with the fixed points of the H action, where the generalised tangent bundle must be enhanced by localised vector multiplets A with a non-vanishing field strength F . In turn this can constitute a magnetic source from NS5-branes, visible as the failure of closure in the NS three-form flux schematically given by
where the four-form on the right-hand side involves a suitable pairing in the algebra of H. Similar enlargements of the generalised tangent bundle have been considered in the context of e.g. heterotic models [25, 26] , enhancement gauged symmetry at special points of moduli space [27, 28] and localised vectors living on generalised orientifold planes [29] . We present these phenomena for the target space of NS5-branes on a circle [30] in Section 4. From a mathematical point of view, the natural language to situate this present discussion is that of Courant algebroids as in [31] and the ideas which we present can be considered an example of a Courant algebroid reduction [32] whose development was strongly influenced by earlier works on gauged σ-models [33] [34] [35] .
Cosets and generalized parallelisable spaces
Let us consider a D-dimensional manifold M that admits the action of a Lie group D corre sponding to a 2D-dimensional Lie algebra d spanned by the linearly independent generators T A ,
Furthermore, we assume that d is equipped with an ad-invariant, non-degenerate, bi-linear sym metric pairing, ⟪·, ·⟫, of split signature form which we define
Corresponding to each generator T A of d there is a vector field k A on the coset M = G\D that under the conventional Lie bracket furnishes the same algebra as (2.1), namely 
4)
where L is the conventional Lie derivative. Further recall that the pairing of two generalised vectors is given by
Generalised parallelisable spaces are those for which we can construct on M a set of O(D, D) valued generalised frame fields E A for which the generalised torsion of (1.1) is constant and identified with the structure constants of d, i.e.
Since the vector part of the generalised Lie derivative matches the conventional Lie derivative, a natural ansatz for the generalised frame fields is
with ϕ A a set of one-forms that has to be determined. It is easy to see that the algebra (2.6) is obeyed provided (2.3) holds for the vector part and, moreover, the following conditions
are satisfied from the one-form part of the generalised frame field. Here ϑ A denotes a suitable set of two-forms that encode the failure of D invariance of the three-form since L k A H = −dϑ A . If ϑ A = L k A for some two-form , then one can perform a shift H = H +d and ϕ A = ϕ A −ι k A so that (2.8) is solved with ϑ A = 0. It the next subsection we show that this situation can be always be achieved. Hence without loss of generality, we will choose H to be invariant under D. In this case, it is possible to further gauge quotients of this construction as we will do in Section 3.
The descent from D
In general, the construction of such generalised frame fields would seem like a formidable task; however, when M is identified with the right coset M = G\D for G a maximal isotropic sub group 5 of D, the problem becomes tractable. In this case we can proceed algorithmically to recover the results of [20] in a fashion more suitable for the extension considered in the following sections.
To fix the notation let us denote by m a representative of the coset M = G\D and write group elements of D as g = gm with g ∈ G. As a group manifold, D is equipped with vector fields 6 k A and v A constructed as duals to the left-and right-invariant Maurer-Cartan forms 5 An isotropic subgroup G is one for which the corresponding generators, T a , satisfy the condition
When the subgroup G, with Lie algebra g, is further said to be maximal if dim G = D.
namely 10) and generating respectively the right-and left-actions. These satisfy the relations
To descend to the coset we define a g-valued connection A = d g g −1 , used to rewrite the right-in variant form
The vector fields which generate right translations on the coset now arise as the restriction
To see that these vector fields are indeed governed by the algebra (2.3), it is sufficient to note that A is flat, dA − A ∧ A = 0, and that
As a group manifold D is equipped with a bi-invariant closed three-form
with horizontal part 7 H. In particular, the closure of H immediately implies that H is also closed. In addition, we can construct a right-invariant two-form, 16) in which K is an involution, compatible with the pairing, ⟪T A , KT B ⟫ = −⟪KT A , T B ⟫, whose +1 eigenspace is identified with g. The involution K gives rise to a para-Hermitian structure on D [20] . The exterior derivative of ω precisely encodes the vertical part of the three-from on D:
This has an important consequence: since both H and ω are invariant under k A so too is the combination H = H + d ; moreover, H and being horizontal, we have that L k A H = 0. Making use of (2.10) and the isotropy of g we find the useful identity
A further contraction of this identity returns, after exploiting again isotropy,
with ϕ A given as
The process is algorithmic: one needs only to take as an input either H or ω defined on D and the rest follows. Taking the exterior derivative of eq. (2.18), and using that ω is invariant yields
which after comparing with eq. (2.17) implies that dϕ A = ι k A H + L k A . Combining the above identities we eventually obtain
We are still working with quantities on the full group D, but the generalised frame fields we want to construct are defined on the coset G\D. For this coset, we have the projection π : D → G\D and the local sections σ : G\D → D which are chosen such that the pullback σ * A vanishes. This is always possible because A is pure gauge. Equipped with these two maps, the quantities discussed at the beginning of this section are
They satisfy the required relations eq. (2.1) and eq.
In the examples we consider later = 0, however more generally one can use the freedom described below eq.(2.8) to absorb ϑ A into a redefinition of H and ϕ A , and in what follows we shall assume this has been done.
Restriction to D a Drinfel'd double
A refinement occurs when D is a Drinfel'd double such that d = g+g is a decomposition into two maximally isotropic subalgebras. This is the setting of Poisson-Lie T-duality discussed in [22] .
Here M = G/D ∼ = G = exp g and the coset representative m is identified with a group element g ∈ G. Since the one-forms g −1 dg are g-valued and since g is isotropic H, and ϑ A all vanish. Denoting the components of the adjoint action of g on d, in a basis where ⟪T a , T b ⟫ = δ a b , by
Here ϕ a is dual to the k a which generate right translations and π : G → g ∧ g defines a Poisson bi-vector that obeys the analogue of a cocycle condition making G a Poisson-Lie group.
Dressing cosets and generalised coset spaces
A dressing coset M = G\D/H arises if a second isotropic subgroup H is modded out from the coset G\D. Let us now reset notation and define the generators of D as T A . We let the Lie algebra h of H be generated by T α . We let d = h + k and make a further splitting amongst the coset generators into k = p + q such that the pairing ⟪•, •⟫ is non-degenerate on q and dim q = dim d − 2 dim h = 2D is twice the dimension of the target space M . We introduce now generators T A whose span gives q and T α spanning p, constructed so as to obey
We make an additional requirement: not only should D/H be reductive such that k carries an action of H, but p and q themselves should further form two independent representations. This will be required so that our generalised frame fields have well defined properties under H transformations and can be thought of as the generalised analogous of reductive cosets. Hence, we call this property generalised reductive.
We now seek to construct a generalised frame field E A and an h-valued generalised connection
presented in the introduction. We additionally demand, in analogy to the pairing condition of eq. (2.6), that
Additional constraints on the constituents of the algebra (3.2) arise from the Jacobi identity of the generalised Lie derivative. We defer this point to the next section, where we show there that E A and Ω α constructed in the following automatically satisfy these additional constraints.
In the following construction, we inherit the vectors fields defined in (2.23) (now renamed k A like the generators), from which we form a restriction 8 to the dressing coset
Here A denotes an h-valued flat connection that obeys
Suppose that we can choose (locally perhaps) the element g = gnh with h ∈ H and g ∈ G such that n parametrises the double coset M = G\D/H then a canonical choice for this connection is A = h −1 dh which evidently obeys dA + A ∧ A = 0. A subtlety comes when the gauge fixing g = gnh is not sufficient because some of the H gauge transformations can be absorbed on a certain locus into compensating G transformations or, equivalently, when H acts with fixed points on G\D. This will show up in singularities in the geometry as we illustrate with later examples. Furthermore, global properties may obstruct a globally flat connection. This case necessitates for the inclusion of localised vector multiplets associated as we discuss in Section 3.2 and demonstrate with examples. The Lie bracket of the projected vector fields reads
Restricting the algebra (3.5) to the index A and the horizontal part of the Lie derivative, we obtain
with
where the latter object has been defined for later purposes. A comparison of the algebra eq. (3.6) and the desired frame algebra eq. (3.2) suggests that
of ϕ A which we introduced in eq. (2.20) of the last section. Because of this, E A and Ω α have a natural interpretation as coming directly from the reduction of the generalised frame field on G\D after a particular gauge fixing. The precise form of B ensures that φ α = 0 and that
In order to show that the algebra of the reduced vector fields in eq. (3.6) extends to the full generalised tangent space T M ⊕ T M , we first note the two important properties of the B-field used to define φ A namely,
Combining these with the result obtained previously that
and
Both eventually give rise to on G\D. Hence one has to push them forward/pull them back to the dressing coset. This is done by applying π * and σ * , where π projects onto the dressing coset, π : G\D → G\D/H, and σ is a section chosen such that σ * A = 0. Because A is a flat connection, a section with this property has to exist (at least patchwise). The procedure is essentially the familiar gauge fixing that removes extraneous degrees of freedom in a conventional coset construction. Concluding, eq. (3.13) with the vector part eq. (3.6) ensures that the first part of the frame algebra eq. (3.2) holds for the generalised frame field
In order to obtain the second generalised Lie derivative L Ω α E B in eq. (3.2), a short calcu lation verifies that
and then we note that
holds. After some careful rearrangement, exploiting the anti-symmetry of F ABC , one finds many terms on the right hand side of the above combine or cancel to recover the stated frame algebra in (3.2).
Generalised torsion, curvature and intrinsic curvature
We would now like to evaluate various properties of generalised coset spaces constructed above. At this juncture we point out that there are two common approaches to describing the frame fields. One can, as we have thus far, construct frame fields that furnish an algebra under the H-twisted generalised Lie derivative. This avoids working patchwise picking a local representa tive for a potential for H. An alternative, however, is to exactly do that, i.e. work locally with the untwisted generalised Lie derivative and absorb the corresponding (local) potential H = dB into the frame field. As a scalar, Ω α B is not affected by this transformation. Many of the for mulae regarding curvatures are more readily found in the literature with this later convention. Since this also lends itself to simpler expressions in the explicit examples we shall later consider, we adopt it henceforth (using the same symbol E A for the frames to avoid clutter).
Our first step is to introduce a covariant derivative
in which ∂ I = 0 , ∂ i is a partial derivative. Here we use the abbreviation 3.18) and switch between flat indices, A, B, C, . . . , and curved indices, I, J, K, . . . , with the generalised frame E A I and its inverse transpose E B I . The first feature of this connection is that ∇ I η AB = 0 since η AB is both constant and invariant under the H-action generated by the spin-connection.
Imposing the vielbein postulate, ∇ I E A J = 0, allows one to express the generalised Christoffel 19) in terms of the generalised frame field E and the spin connection Ω. In particular, we can make use of this fact to compute the generalised torsion [36] T
On the other hand, the first generalised Lie derivative in (1.2) of a generalised coset space results in
As a result of eq. (3.21), the generalised torsion in flat indices is constant, T ABC = −F ABC and just governed by some of the structure coefficients of the Lie algebra d. This situation is in perfect analogy with the torsion of a reductive coset space. When F ABC ≡ 0, as will be the case in the examples considered later, we have a natural notion of a generalised symmetric space, a property one expects to play a key role for integrability of the string world sheet theory.
In the same vein, one calculates the generalised curvature [36] 
whose flat version evaluates to
At this point it is useful to note that the frame algebra of the generalised coset implies the relation (3.15) which can be equally written as 24) which guarantees that the generalised curvature simplifies to
Hence we conclude that the generalised torsion and curvature of a generalised coset are com pletely fixed by the structure coefficients of the underlying Lie algebra d. This result might seem surprising, for one crucial difference between geometry and generalised geometry is that for a torsion free connection the generalised Riemann tensor can not be completely fixed using the metric, B-field and dilaton. Hence the constructed generalised frame fields not only contains information about the NS/NS sector of type II string theory but also about the R/R sector. In particular this allows to extract the R/R sector transformation rules for the dressing coset construction along the lines of [23] .
There are two simple checks of the presented results. First, the closure of the frame algebra in (1.2) requires that 26) which is indeed satisfied due to (3.24) . Second, we can check the Bianchi identity [36] 3R
for the torsionful generalised connection ∇. In order to prove it, we first note that
because ∇ A acts on constant tensors just by the H-adjoint action but
Thus, the Bianchi identity (3.27) reduces to the Jacobi identity on the Lie algebra d. In the same vein, one derives
after taking into account that η AB is covariantly constant.
Typically we are only interested in the action of covariant derivatives on objects that are invariant under the adjoint action of H. It is then natural to subtract from the torsion the portion that depends on the adjoint action of H by defining the intrinsic torsion
30)
where P h projects onto the adjoint representation of the h. Because the projector is covariantly constant with respect to ∇, the intrinsic torsion is a singlet under H action (or equally it is covariantly constant too). In general, tensors in flat indices that are constant and H-invariant are covariantly constant on M . This is a considerable advantage of generalised cosets because invariant tensors are completely fixed by the Lie algebra h and the problem of solving complicated PDEs is circumvented. Any parallel transport around a closed loop in M is infinitesimally mediated by the covariant derivative ∇. Hence monodromies for loops in one patch always have to be valued in H. Transitioning between patches also only involved H-transformations which originate from patching the flat connection A . Thus, we conclude that the generalised structure group G S of M is H. Now the list of required properties for a consistent truncation given in the introduction is complete. The same idea also applies to scalar densities like e −2d which governs the generalised dilaton d = Φ − 1/4 log det g, where g denotes the metric. This quantity is only covariantly constant if
holds. This relation fixes the exterior derivative of the dilaton Φ, once the metric is known via
Alternatively, one can encode the dilaton in the fluxes
Together with F ABC they form the natural objects in the flux formulation of double field theory [37] . In terms of them the supergravity field equations and action for the bosonic sector have a simple form. A further simplification arises for generalised symmetric spaces with an H-invariant gener alised metric H AB . In this case ∇ A is a generalised Levi-Civita connection and the supergravity field equations for the NS/NS sector can be written in terms of the generalised Ricci tensor and the generalised Ricci curvature,
as
with the projectors P AB = 1/2(η AB − H AB ) and P AB = 1/2(η AB + H AB ). In contrast to general relativity not all components of the generalised Ricci tensor R AB contribute to the field equations but only a particular projection, here denotes as R AB . Using that the generalised metric is H-invariant, we obtain
where κ AB = −F AC D F BD C denotes the canonical Killing metric restricted to the generators T A .
If this metric is non-degenerate and has appropriate signature, one can choose H AB = κ AB to obtain R AB = 0 and R = − dim M . This is the natural generalisation of a maximally symmetric space.
Localised sources and extended generalised tangent space
A crucial part of the construction we presented above is played by the flat connection A . In general, however, there are cases where it is not possible to define a connection which is flat everywhere on M . A simple example, which we will explore in full detail in the next section, is an H = U (1) A connection which is patched by a gauge transformation on a contractible cycle. Stokes' theorem implies that there has to be a non-vanishing field strength F = dA when this cycle collapses to a point P . Assume further that the vector field k α (in this case since dim H = 1, we have that a single vector field, i.e. α = 1) generates this cycle. Then the distinguished point P with non-vanishing field strength F is exactly the fixed point of the corresponding U (1) V acting on G\D. In this simple example both U (1) A and U (1) V are isotropic subgroups and thus we can alternatively study a generalised coset M with H = U (1) V . Now the fixed point P of the H-action results in a singularity on M . One can understand this exchange of U (1) A and U (1) V as a T-duality transformation. Hence we conclude that one situation in which F vanishes everywhere except for a distinguished point is related to the resolution of a singularity by T-duality. Of course the process for a non-abelian H is more involved. However, we take this simple example as a motivation to discuss how dropping the constraint of a flat connection affects the construction of generalised cosets. Most notably, the Lie bracket in eq. (3.6) receives an additional contribution
from the field strength of A which is encoded in
The analogous contribution in eq. (3.13) for the one-form part of the generalised Lie derivative remains unchanged. Thus, there is no obvious counterpart to the additional term for the vectors which could give rise to an object on the generalised tangent space. This problem is fixed by decomposing the H-flux into
where c αβ is a symmetric, non-degenerate, ad-invariant pairing on h. Note that, unlike F , the Chern-Simons form is not horizontal, instead it obeys 
such that RHS contains the appropriate one-form counterpart to F AB γ k γ . All together we now consider the components 
where h arises from the decomposition d = gnh with n ∈ G\D/H. Taking into account the new components of the generalised frame field the original frame algebra is extended to
with an H 0 twisted generalised Lie derivative. These three equations can be elegantly combined by considering the generalised Lie derivative [26, 38] 
A particular feature of this construction is that the H-flux H 0 is not closed anymore but instead is governed by
which indicates magnetic sources for H. As mentioned earlier, our construction is related to a gauging procedure in two-dimensional σ-models. In this context the pairing c αβ which was introduced in the decomposition (3.39) has a natural interpretation. Assume that we are in the region of M where F vanishes and H 0 is closed. Furthermore, it can be easily verified that
holds everywhere on M . On the world sheet, the generalised coset is implemented by a gauged σ-model whose classical gauge anomaly is given by
One might worry that this gauge anomaly might indicate a problem, but in fact it only emphasise the point that the additional degrees of freedom which originate for the vectors of the extended generalised tangent space are required to cancel the anomaly.
Examples
As an explicit example for the techniques introduced in the last two sections, we first discuss the generalised parallelisable space G diag \(G × G). The group elements of D are written as g = (g L , g R ), where g L and g R are two elements of the Lie group G. Elements of G = G diag are parameterised by (g,g),g ∈ G and as coset representatives we choose m = (g, e) (here e denotes the unit element of G). Assume that the Lie group G, generated infinitesimally by t a , is endowed with an ad-invariant, non-degenerate pairing
then one has the defining relations for the vectors k L/R generating respectively left and right actions ι k La dgg −1 = t a and ι k Ra g −1 dg = t a . Defined like this, the Killing vectors indeed give rise to the Lie algebra g ⊕ g:
where f ab c denote the structure coefficients of g. With the pairing
the one-forms 5) and the H-flux
In the following, we use these results to study dressing cosets based on H = U (1) and G = SU (2) which give a gauged WZW realisation [39] of the parafermionic CFT [40] . After this we choose G = SU (2) × SL(2, R) quotiented by a U (1) × U (1) to describe the transversal space formed by NS5-branes on a circle [30] . For this purpose it is useful to note that H with elements (h L , h R ) acts as g → h −1 L gh R on the coset G\(G × G).
Parafermions and their deformations
Let us first consider G = SU (2) whose elements can be embedded into R 4 using the coordinates
There are two isotropic U (1) which one can gauge to obtain the dressing coset. They are parameterised by φ and φ respectively. To see this explicitly, it is convenient to write the corresponding group elements as
where σ α denotes the Pauli matrices. The two resulting U (1) are then given by
If we further fix the generators t α = i/2σ α , and the pairing ≺ t α , t β = −k Tr(t a t b ), eq. (4.6) gives rise to H = k sin 2θ dθ ∧ dφ ∧ d φ .
(4.10)
Axial gauge
Next, we gauge the axial U (1) φ . The canonical choice for a connection would be just A =
, however all other flat connections are admissible, too. It will turn out that A controls the monodromy of the generalised frame. For the setup we study here, this monodromy is controlled by two integers, l and l with l l = k. Hence, we will use the connection
to construct the generalised coset. Here t φ denotes the generator of U (1) φ which corresponds to the vector field k φ = l −1 ∂ φ . Furthermore, there is the dual vector field, k φ = l −1 ∂ φ and the corresponding generator t φ . All of them are completely fixed by the connection (4.11): the normalisation of k φ is determined by ι k φ A = 1. Eventually, the duality condition ⟪t φ , t φ ⟫ = 1 fixes the rest. Applying the procedure outline in the last section, with this choice we obtain the generalised frame field
while the right combination can be obtained replacing φ + → φ − and k → −k, with φ ± = (1 ± l/ l)φ and the generalised connection Ω = t φ (k φ − ldφ). It is straightforward to check that they satisfy the frame algebra (1.2). Using the H-invariant generalised metric H LLab = H RRab =≺ t a , t b , one obtains the metric and dilaton
Although the assignments l andl drop out of the metric they are retained in the frame fields and play an important role in determining periodicities of coordinates as we shall see shortly.
For θ = π/2 the H action has a fixed point and the theory is strongly coupled. There are more choices for an H-invariant generalised metric, which can be constructed as follows: first, we determine the commutant subgroup of O(2, 2) and H which is SO(3). An SO(2) subgroup of this SO(3) is also a subgroup of O(2) × O(2) and hence it will not contribute to the generalised metric. We conclude that covariantly constant generalised metrics are parameterised by the coset SO(3)/SO(2) with the coordinates α and β. More specifically, the generalised the resulting target space belongs to an integrable σ-model with vanishing B-field which is discussed in [41] . Choosing β = 0 and α = λ/(1 − λ) the metric becomes
This metric is recognised as the axial-λ-deformation [42, 43] of eq. (4.13) 9 .
Let us now assume that we restrict the domain of φ to 0 ≤ φ < 2π/l which results for l > 1 in a Z l orbifold singularity θ = 0. In this case the generalised frame field exhibits the monodromy 16) which is valued in both U (1) φ and U (1) φ . In fact the connection (4.11) is fixed by requiring this particular monodromy. Its U (1) φ contributions arises directly from the connection by considering the integral
where S 1 φ is a circle tracing out φ at a fixed value of θ. This circle is the boundary of a disc D 2 centered around θ = 0. Using Stokes' theorem, one can alternatively write
The radius of the disc does not affect the result, so one is able to contract it to the origin at θ = 0. This implies that there is F -flux localised at the origin and we have to extend the generalised tangent bundle there with an additional vector along the lines of Section 3.2.
Vectorial gauge
More light is shed on the strongly coupled region with θ = π/2 by considering the T-dual configuration which arises when we gauge the dual U (1) φ . The corresponding connection
leading to the dual generalised frame field 20) where the specific combination is obtained from the latter after replacing 10 φ → − φ and k → −k, with φ ± = (1 ± l/l) φ and the generalised connection Ω = t φ (k φ − ld φ). Again the connection A was chosen such that this frame field reproduces the monodromy in eq. (4.16). More specifically, we obtain after restricting the domain of φ to 0 ≤ φ < 2π/ l the monodromy
Contracting E A with the generalised metric gives rise to the T-dual metric and dilaton
when H AB = 2/k δ AB or the corresponding metric for its λ-deformation when H AB is chosen as in eq. (4.14).
Changing θ to θ = π/2 − θ results in the same form of the metric and dilaton as in (4.13) . But now the boundary of the disk and its center get exchanged. Similarly now the U (1) φ monodromy generates a non-vanishing F in the center,
Because t φ and t φ are related by an O(1, 1) transformation the generalised geometries which are described by E A and E A on a disk have identical generalised curvature and torsion. By construction they also share the same monodromy. In fact they correspond to the Z l and Z l orbifold of the level k parafermion CFT and its T-dual. For SL(2, R)/U (1) the derivation of the generalised frame fields proceeds along the same lines and for brevity we will not repeat it here.
NS5-branes on a circle
A non-vanishing field strength F , like the one we encountered in the last subsection, can result in a source for the H-flux. However this is only possible if the dimension of the target space is greater than three. Hence, in the following the SL(2, R)/U (1) and the SU (2)/U (1) geometries are combined along the line of [30] to obtain a target space which captures the near horizon geometry of k NS5-branes equally distributed on a circle.
A possible starting point is the observation that the geometry we are looking for is T-dual to [30] ds 2 = k dθ 2 + cot 2 θ(dχ − dφ) 2 + dρ 2 + tanh 2 ρ dχ 2 ,
with the identifications ξ ∼ ξ + 2π/k, φ ∼ φ + 2π, ψ ∼ ψ + 2π and ω ∼ ω + 2π/k, respectively. Remembering the approach from the last subsection we identify the monodromy around T-dual pair of variables in each T-duality frame. Hence, we find the monodromies
where the generators t φ , t ψ , t χ , t ω correspond to the vector fields
of SL(2, R) × SU (2) elements g. These monodromies imply the connection
for which the generalised frame field is constructed analogously to the previous subsection.
To present the result in a compact form, we introduce the combinations x ± = φ−(k±1)ψ k and y ± = ψ+(k±1)φ k of coordinates and write the frame field components in terms of the complex combinations To see that this background is indeed connected to NS5-branes on a circle one can embed the solution into the transversal R 4 with the coordinates
x 1 = ρ 0 cosh ρ sin θ cos ψ , x 2 = ρ 0 cosh ρ sin θ sin ψ ,
In these coordinates the metric, dilaton and H-flux reads
where h denotes the harmonic function h = 2k ρ 2 0 (cos 2θ + cosh 2ρ)
. In order to obtain the corresponding fluxes, one has to find out where these cycles collapse. As it can be seen for the embedding (4.31) into R 4 , the A cycle collapses for θ = 0 and the B cycle for θ = π/2 and ρ = 0. By following the argumentation of the last subsection, this implies non-vanishing field strength on these submanifolds. More specifically, we find For ρ = 0 and θ = 0 there is no source for the H-flux. Hence, the combination F χ ∧ F ω should not contribute to the RHS and we conclude that c(t χ , t ω ) has to vanish. Because the symmetric pairing c has to be non-degenerate the two additional contributions c(t χ , t χ ) and c(t ω , t ω ) have to be non-zero. This implies that F χ ∧ F χ vanishes and furthermore
Again one might ask if there are other H-invariant choices for the generalised metric. The commutant subgroup of H and O(4, 4) is SO(4). However, this SO(4) is a subgroup of the SO(4) × SO(4) subgroup which leaves the generalised metric invariant. Hence, in contrast to the last subsection the metric, B-field and dilaton of this generalised coset are rigid. The generators of the unbroken SO(4) can be expressed in terms of six generalised complex structures which give rise to a generalised hyper Kähler structure.
Conclusions and future directions
Let us first briefly recap the key results. On M = G\D we reviewed the construction of a set of generalised frame fields E A that realise the algebra d of D via the generalised Lie derivative.
Being rather more direct and index free, the presentation makes more transparent the results obtained previously in [19] . Armed with these we perform a reduction to M = G\D/H in which we quotient by a second isotropic subgroup H provided suitable generalised reductiveness condi tions are imposed. In this setting we construct both a generalised frame E A and a compensating H-valued generalised connection Ω α which is used to define a spin-connection piece of a connec tion ∇ obeying the vielbein postulate ∇E A = 0. The generalised torsion of ∇, in flat indices, is determined entirely by a selection of the structure constants of d. An important intermediate step in the derivation of E A and Ω is the introduction of an H-valued flat connection A on G\D whose pullback to M = G\D/H locally vanishes. In general however it is not possible to find such a flat connection globally. As we illustrate with two examples, the resulting field strength F gives rise to additional, localised vector multiplets and is related to the global properties of the generalised frame field. Moreover these can lead to NS5-sources manifested in a violation of the Bianchi identity for the NS three-form H. We also encounter the situation where the action of H has fixed points and the geometry exhibits singularities.
To give the above results some context we evaluate examples related to gauged-WZW mod els. For parafermionic theories and their orbifolds we provide generalised frame fields (which have quite simple expressions) for both vector and axial U (1) gaugings. We show that the gen eralised metric admits deformations and indeed that these can be identified with the integrable λ-deformations introduced in [42] . An elaboration of this is to consider the NS5-branes on a circle realised as a gauged-WZW model in [30] . Here we find equally elegant generalised frame fields describing a generalised hyper-Kähler manifold. Unlike the parafermonic example we find this geometry to be rigid i.e. we show it does not appear to admit a λ-type deformation.
This work opens up many interesting avenues for exploration both in terms of the formal aspects and their applications. Here we have only glimpsed at the enhancement of the generalised tangent bundle needed to accommodate fixed points and singularities in the geometry. A key goal is to make more explicit the linkage to anomaly cancelation via localised sources. Related to this, one hopes to understand in this framework the role that instantons are known to play in correcting T-duals in which the U (1) actions degenerate and allow for string unwinding [44] [45] [46] [47] . Likely crucial to this will be the holonomies of the connection A which can depend on both original and T-dual variables, and in this work we have made this somewhat explicit for the case of Abelian subgroups. We expect the cases with H non-Abelian to be even richer and more subtle.
In terms of applications, these results should extend naturally to the RR sector of 10-dimen sional supergravity and have utility in holography. It has been well established that non-Abelian T-duality can have applications in constructing new examples of holographic solutions (for a recent review and further references see [48] ). With the tools presented here, upgraded to a full type II supergravity situation, it can become viable to search for new interesting backgrounds obtained as Poisson-Lie duals on cosets.
For the case of M = G\D, allowing the generalised metric H AB to depend on external coordinates specifies a consistent truncation Ansatz resulting in a maximal lower dimensional gauged supergravity. Here for M = G\D/H one expects that H AB should depend on external coordinates and also that vector multiplets will be induced by allowing the localised gauge fields A to have dynamics; the lower dimensional supergravity will not be maximal. Making this precise, and understanding which lower dimensional supergravity theories can be obtained with this construction will be important. As a final note, let us conclude that here our attention has been restricted to the generalised tangent bundle T M ⊕ T M ; one should anticipate that similar constructions will prove beneficial in the M-theoretic exceptional generalised geometry context.
